this estimate is that it is uniform in the sense that it only depends on the degree of the equation de ning V . The basic idea of the proof is to cut V by planes and then estimate the number of rational points on the sections. For that one requires uniform bounds on the number of rational points of bounded height on curves. The aim of this note is to extend the principal result of 12] which is used to obtain estimates for plane curves. In order to state our main result we need some notations and de nitions.
We will assume throughout the whole paper that the number eld K is xed with ring of integers R. In particular, any implicitly given constant may depend on K without we saying so explicitly. Let a 1 ; : : : ; a h be a collection of ideals of R which represent the di erent ideal classes of K. The set P n = h i=1 x 2 R n+1 : hxi = a i modulo units is then a complete set of representatives of P n (K), where hxi denotes the fractional ideal of K generated by the components of x. The non-equivalent multiplicative archimedean valuations j j 1 ; : : : ; j j s on K are supposed to satisfy Q s i=1 jxj i = @hxi for all x 2 K, where @a denotes the ordinary ideal norm of the fractional ideal a of K. Given vectors r 0 ; : : : ; r n 2 R s 1 , we de ne P n (r 0 ; : : : ; r n ) to be the set of all x 2 P n for which jx i j j r ij for 0 i n and 1 j s. If V P n , we write V (r 0 ; : : : ; r n ) for the set of x 2 P n (r 0 ; : : : ; r n ) which represent points of V (K) . The letter r is reserved to denote elements of R s 1 and we de ne the size of r to be krk = Q s i=1 r i .
In agreement with this notation we de ne the size of x 2 K n+1 to be the The multiplicative height on P n (K) relative to K, which was mentioned above, is de ned as H(x) = kxk =@hxi.
The non-negative numbers a 0 ; : : : ; a n will be de ned in the next section. We only mention here that a 0 + + a n = 1 and that there is one collection of a i for every graded monomial ordering on K x 0 ; : : : ; x n ]. The main result of this note is the following. Theorem 1. Let V P n be an irreducible variety of dimension r and degree d. Suppose that the ideal I K x] of V is generated by forms of degrees at most , and let " > 0 be given. Then there exists a form F 
for every " > 0, where N(C; r 0 ; : : : ; r n ) counts the number of points of C(K) which have a representative in C(r 0 ; : : : ; r n ). In particular,
In 12], Heath-Brown derives (2) for curves in P 3 from the same result on plane curves by a projection argument. One can prove the estimate for curves in P n by similar techniques. What is new about corollary 1 is (1). We will also prove the following result. Theorem 3. Let V P n be an absolutely irreducible non-degenerate surface of degree at least 4 which is de ned over Q. Let p V be its Hilbert 
Graded monomial orderings
In this section we de ne the numbers a i which occur in the formulation of theorem 1.
Let V P n be an irreducible variety of dimension r and degree d, and assume that its ideal I K x] can be generated by forms of degrees at most . Let x n n where = ( 0 ; : : : ; n ) 2 Z n+1 0 , or equivalently, a relation on Z n+1 0 which satis es:
1. < is a total ordering.
2.
0 for all 2 Z n+1 0 . 3. If , , 2 Z n+1 0 and < , then + < + . 4. If , 2 Z n+1 0 and , then j j j j, where j j = 0 + + n denotes the total degree of 2 Z n+1 0 .
The standard example is the graded lexicographic ordering: x < x if j j < j j or if j j = j j and the left-most non-zero entry of ? is negative. Furthermore, the coe cients of these polynomials can be bounded in terms of n and .
In 18], there is a proof of the fact that the maximum degree of the polynomials making up a Gr obner base for I can be bounded in terms of n and . One can check that the number of 2 ] of total degree u j j is ( ; u) = u + n ? j j u ? j j ;
and that the sum Hence, (u) and i (u) are equal to some polynomials for u j 1 j+ +j m j whose coe cients can be bounded in terms of j 1 j ; : : : ; j m j. with the following properties. For each j k, there is a form F j 2 K x], having degree at most D, such that
For each x 2 P n (r 0 ; : : : ; r n ), with F(x) = 0, there is an integer j k such that F j (x) = 0.
In 12], the number T is de ned a bit di erently as T = max a 6 =0
(kr 0 k 0 kr n k n ) ; (5) where F(x) = P a x . It is however always possible to nd a graded monomial ordering such that our T is given by (5) . To see this, choose algebraically independent q 0 ; : : : ; q n 2 R 1 , and de ne a graded monomial ordering by letting x < x if j j < j j or if j j = j j and q < q . Provided that jkr i k ? q i j are su ciently small for all i = 0; 1; : : : ; n, one has kr 0 k 0 kr n k n < kr 0 k 0 kr n k n if and only if q < q ; for all and such that a a 6 = 0.
Proof of the main result
In this section we prove theorem 1. The overall structure of the proof is similar to Heath-Brown's proof of theorem 14 in 12].
Suppose that V P n is an irreducible variety whose ideal I is generated by some forms F 1 ; : : : ; F t 2 R x]. We shall use the same notation as in the previous section. Thus, stands for the maximal degree among the forms F 1 ; : : : ; F t and r and d are the dimension and degree of V , respectively. We rst explain what we mean by a point of P n (K) or V (K) modulo a power of a prime ideal p of R. As the local ring R p is a unique factorisation domain, we can represent a point of P n (K) by a primitive vector of R n+1 p . The reduction modulo p m of any such representative gives a point of P n (R=p m ) and it is obvious that this map from P n (K) to P n (R=p m ) is well-de ned.
Likewise, when we consider rational points of V modulo p m , we mean the image of the points in V (R=p m ), where this last set is the set of solutions x 2 P n (R=p m ) of
Recall that a point x 2 V (K) is said to be smooth if the Jacobian matrix Lemma 2. Suppose that P log kD(x)k for all x 2 S(r 0 ; : : : ; r n ), and let k be the smallest integer such that k > log kD(x)k = log P. Then there exist prime ideals p 1 ; : : : ; p k such that P @p i P and S(r 0 ; : : : ; r n ) = k i=1 S p i (r 0 ; : : : ; r n ):
To see this, let p 1 ; : : : ; p k be the di erent prime ideals of smallest possible norm greater than P. If D(x) 2 p i for all i = 1; 2; : : : ; k, then kD(x)k (@p 1 ) (@p k ) P k ; which is contradictory provided that D(x) 6 = 0. One can check that @p i P by using bounds of Tchebyche -type for the number of prime ideals of bounded norm. The principal ingredient of the proof of theorem 1 is the following lemma which we prove at the end of this section. 
and x 1 2 S p (r 0 ; : : : ; r n ), then there exists a form F 2 R x] n I such that F(x) = 0 for every x 2 V (r 0 ; : : : ; r n ) which represents the same point as x 1 modulo p. Moreover, the degree of F can be bounded in terms of n, , and ".
We also need the following standard fact. Theorem 1 follows when we combine these lemmas. Let P be the right-hand side of (6) 
The rest of the proof will be concerned with the order of at p. If 2 p m for some positive integer m and (@p) m exceeds the right-hand side of (7), then must vanish. It is this comparison that will eventually give us condition (6). Before we continue we make a remark. It may seem strange to assume that N (u) ? 1 without knowing what u is. But u is supposed to be a xed constant which is bounded in terms of n, , and ". At this point we do not know how to choose it. This will become apparent later. Now, since we are only interested in the order of at p, we may change to a ne coordinates. We may also assume that x 1 does not belong to the hyperplane x 0 = 0 modulo p. Then y i = x ?1 i0 (x i1 ; : : : ; x in ) are elements of R n p for i = 1; 2; : : : ; N. We introduce a ne equations for V n fx 0 = 0g by putting f i (y) = F i ( we nd that the order of at p is at least (u). This observation together with (7), implies that has to vanish as soon as
To get the condition (6) from this inequality we make some remarks. u (u) r + 1 r a i d 1=r : By lemma 1 we know that 0 ; : : : ; n are equal to some polynomials for u su ciently large in terms of n and . Moreover, the coe cients of these polynomials are bounded in terms of n and . Hence, we can nd u, bounded in terms of n, , and ", such that i (u) (u) r + 1 r a i d 1=r + ": The remaining factor ( (u)!) K:Q]= (u) of (9) can bounded in terms of r, that is, in terms of n. This completes the proof of lemma 3.
Rational points on surfaces in P n
The aim of this section is to prove theorem 3. For simplicity, we will assume that K = Q. But we expect that it is possible to prove the result over any algebraic number eld by similar arguments. We will also write P n (B) instead of P n (B 0 ; : : : ; B n ) whenever B = B 0 = = B n .
Let V P n be an absolutely irreducible non-degenerate surface of degree d. Given y 2 P n we de ne H y P n to be the hyperplane x y = x 0 y 0 + + x n y n = 0:
According to a lemma of Siegel (see e.g. lemma 1 of 12]), there is a constant c 1 , which depends only on n, such that the points of P n (Q) of height at most B are contained in 
We shall estimate the di erent terms on the right-hand side of (10).
The following estimate will be used in the proof of theorem 2. We do not really need the full strength of the result for theorem 3.
Lemma 7. If T B, then N(V k (T ); B) n;d;" B 2=k+" T n+1?2=kn+" ;
for every " > 0.
To prove this, we de ne C y;k to be the union of the irreducible components of V \ H y of degree k. For each y 2 P n (T ) we can nd a basis x 1 ; : : : ; x n of the lattice x y = 0 such that kyk n kx 1 k kx n k n kyk :
It will have the property that if z 1 x 1 + + z n x n 2 P n (B) then jz i j c 2 B= kx i k, for some constant c 2 which only depends on n (see e.g. lemma 1 of 12] ). Without loss of generality, we may assume that kx 1 k kx n k :
Let D y;k P n?1 be the image of C y;k , under the map H y ! P n?1 ; z 1 x 1 + + z n x n 7 ! (z 1 ; : : : ; z n ):
We By letting C i run over powers of 2 and sum the resulting bounds we obtain the promised result.
Lemma 7 is valid for all k but it is not very useful for small k. We shall study the cases k = 2 and k = 3 more carefully. The following fact was explained to us by P. Salberger. Lemma 8. Let V P n be an absolutely irreducible non-degenerate variety with Hilbert polynomial p V . Let p be a polynomial of degree dim V ? 1 such that its leading coe cient is smaller than dim V times the leading coe cient of p V . Then there exists a non-trivial form E in n + 1 variables of degree bounded in terms of n, p V , and p, such that E(y) = 0 whenever V \ H y has a sub-variety with Hilbert polynomial p.
We only sketch the proof here. Let H 1 P m and H 2 be the Hilbert schemes which parametrise sub-schemes of P n with Hilbert polynomials p V and p, respectively. Let Y H 1 H 2 P n be the closed sub-scheme consisting of the triples (H 1 ; H 2 ; H 3 ) such that H 2 H 1 and H 2 H 3 . The projection H 1 H 2 P n ! H 1 P n P m P n is proper so the image of Y in P m P n is closed, de ned by nitely many bihomogeneous polynomials E i (x; y). Let x 2 H 1 (K) P m (K) be the rational point representing V P n and put E i;V (y) = E i (x; y). Then all E i;V cannot vanish identically since V \ H is irreducible for some H by Bertini's theorem. We can take E to be any of these forms. Obviously we may rede ne V 2 (T ) by removing those components which do not contain any rational points. Let C V 2 (T ) be an irreducible component of this new V 2 (T ). Since every curve of degree 2 which contains a rational point is plane, we can nd y 1 ; : : : ; y n?2 2 P n such that C = H y 1 \ \ H y n?2 \ Q; for some quadratic hypersurface Q P n . As in the proof of lemma 7 we can nd a basis x 1 ; x 2 ; x 3 2 P n of the lattice x y 1 = = x y n?2 = 0; such that jz i j c 3 B= kx i k for some constant c 3 , whenever z 1 x 1 + z 2 x 2 + z 3 x 3 2 P n (B): By the de nition of V 2 (T ) we can assume that y 1 2 P n (T ). We may also assume that ky 1 k n?2 n kx 1 k kx 2 k kx 3 k (see e.g. chapter I of 21]). Let D P 2 be the irreducible quadratic curve which is the image of C under the map H y 1 \ \ H y n?2 ! P 2 ; z 1 x 1 + z 2 x 2 + z 3 x 3 7 ! (z 1 ; z 2 ; z 3 ): which completes the proof of theorem 3.
5 Rational points on smooth surfaces in P 4 In this section we shall prove theorem 2. One advantage of restricting to smooth surfaces is that one has more information about the curves on such surfaces. The following result was proved by Colliot-Th el ene 5] If V \ H y is reducible, then y belongs to the dual V P 4 which is an irreducible hypersurface of degree bounded in terms of d 1 and d 2 (see e.g. proposition 5.7.2 of 13]). First we show that V cannot be linear. Assume on the contrary that it is given by an equation z y = 0 for some z. Then z rF 1 (x) = z rF 2 (x) = 0 for all x 2 V . Thus the forms z rF 1 and z rF 2 belong to the ideal generated by F 1 and F 2 . We have assumed that d i 2, so the only possibility is that z rF 1 and z rF 2 which is the statement of lemma 13.
We are now in position to prove theorem 2. Assume that V P 4 is a To prove the second estimate of theorem 2, we shall apply theorem 1 in the case n = 4. Let H P 4 be a hypersurface such that V is not contained in H but such that the rational points of height at most B on V are contained in V \H. We de ne V k to be the union of the irreducible components of V \H of degree k. Theorem 
